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We study the number operator, N, of quantum field theory as a partial 
differential operator in infinitely many variables. Informally Nu(x) = 
-Au(r) + x . grad u(x). A large core for N is constructed which is invariant 
under e-tN and on which this informal expression may be given a precise and 
natural meaning. 
Recent work in mathematical quantum field theory and in 
integration over Banach manifolds indicates that in an infinite- 
dimensional setting a suitable formulation of the differential operator 
Lu(x) = AU(X) - x * grad U(X) may play a more fundamental role 
than the Laplacian A. This phenomenon is partly attributable to the 
lack of a suitable extension of Lebesgue measure to infinite dimensions. 
In order to have a useful integration theory available, it is appropriate 
to work in the context of an abstract Wiener space equipped with an 
extension of finite-dimensional Gauss measure. 
One particularly useful property of the finite-dimensional Laplacian 
is that it is essentially self-adjoint on certain dense subspaces of L2 
([w”, Lebesgue measure). Consequently we can use the spectral theorem 
to study its closure d and the semigroup it generates. However when 
Gauss measure is used on Iw”, A fails even to be symmetric. The 
subtraction of the term x * grad U(X) provides symmetry on reasonable 
domains. In fact, it is well known from quantum field theory that L 
may be defined on certain dense domains of L2 of an abstract Wiener 
space so as to be essentially self-adjoint and negative. -E is known 
as the number operator, and is usually denoted by N. N generates a 
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semigroup e-tN on L2 which, when the abstract Wiener space is finite 
dimensional, reduces to the Ornstein-Uhlenbeck semigroup. 
In this paper we formulate an infinite-dimensional definition of L 
whose domain provides a large core for N which is invariant under the 
semigroup action. We anticipate that our results will be useful in 
studying the Laplace-Beltrami-Ornstein-Uhlenbeck process on 
infinite-dimensional manifolds. 
1. THE ORNSTEIN-UHLENBECK SEMIGROUP 
Let (H, B) be an abstract Wiener space, as defined and studied 
by Gross [2, 31. H is a real separable Hilbert space with norm 1 . 1 
generated by the inner product ( , ) and B is a Banach space containing 
H, with norm 11 * (1 which is measurable over H. p, is Wiener measure of 
variance parameter t > 0 over the Bore1 field of B. For any x E B and 
Bore1 set I’C B, p,(x, I’) ZE p,(r - x). p8(x, *) and pt(y, *) are equiv- 
alent measures iff s = t and x - y E H. Otherwise they are mutually 
singular. p,(x, I’) is a temporally homogeneous Markov transition 
function on B. The associated Markov process is called the Wiener 
process. This process has continuous sample paths since for each 
E > 0, p,({x: 11 x 11 2 c}) = o(t) as t L 0. 
For x E B, r Bore1 in B and t > 0 we define 
O&J, r> = pl-,-zt(e-tx, r). (1) 
Since p,(r) = pt(s-lizIJ, it is easily calculated that ot(X, r) is also a 
temporally homogeneous Markov transition function on B. The 
corresponding sample functions are continuous and are given by 
Ot(x, W) = eetx + Wl-,-2t(w), 
where W, is the Wiener process initiating at the origin. The process 
et is an extension to abstract Wiener space of the velocity process of 
the Ornstein-Uhlenbeck theory of Browian motion, with diffusion 
coefficient one and relaxation time one [5, lo]. p, is an invariant 
measure for this process, i.e., 
(2) 
for all t > 0 and Bore1 sets P. 
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For a Bore1 measurable functionf on B we define 
pd.4 = jBfty) plkdy), 
s (3) OtfW = J(Y) 45 dY), 
whenever the integrals exist. The natural setting for semigroups 
generated by the mappings f --+pJ is on subspaces of the bounded 
measurable functions with the sup norm [3]. The infinitesimal 
generator of such a semigroup is in a reasonable sense the closure of 
the Laplacian [3, 61. This infinite dimensional Laplacian is defined as 
trace D”~(x) where f is a real valued function on B, and D”~(x) is the 
second FrCchet derivative at 0 of the function g: H + R1 defined by 
g(h) = f(x + h). D is sometimes referred to as the H-differentiation 
operator. 
When B = IP, it is well-known that o1 forms a Markovian semi- 
group on the space % of continuous functions vanishing at infinity, 
with the sup norm [S]. The set V, of twice continuously differentiable 
functions of compact support is in the domain of the infinitesimal 
generator C of this semigroup, and for f E VO we have C’(X) = 
Of(x) - x - gradf(x). Th’ 1 d is ea s us to conjecture that on sufficiently 
smooth functions the infinitesimal generator of ot on an abstract 
Wiener space will be some infinite dimensional formulation of L. 
PROPOSITION 1. ot forms a strongly continuous contraction semigroup 
on L2( Pd 
Proof. Sincep, is an invariant measure for Bt [Eq. (2)], o1 forms a 
contraction semigroup of positive operators on LP(p,) for p = 1, 2 
and 03 [ll]. In order to prove strong continuity on L2(p1) it will 
suffice to exhibit a basis for L2(pl) on which ot is strongly continuous, 
since the domain of strong continuity of a semigroup is always a 
closed subspace. We will discuss the construction of such a basis from 
Hermite polynomials. 
Given any finite dimensional projection P on H of the form 
Px = i (x, ei) ei , 
i=l 
where {ei: i = l,..., n} is orthonormal in H, and given any multiindex 
I = (I1 )..., In) with each Ii a nonnegative integer, define 
h(x) = fi hi(%), 
i=l 
274 M. ANN PIECH 
where xi E (x, ei) and h,, is theI,th l-dimensional normalized Hermite 
polynomial defined by ’ 
h,(x) = (- l)“(h!)-‘1” k/2 g (&P) 
for any nonnegative integer K. The l-dimensional Hermite poly- 
nomials have the following well-known properties [l]. 
(i) They form an orthonormal basis for L2(& - pr being 
1 -dimensional Gauss measure. 
(ii) h; - xh,’ = -hh, for all k > 0. 
(iii) h,’ = h1/2hk-I for all k > 1. 
(iv) o,h, = erkthk when B = H = RI. 
Any Bore1 cylinder functionf on H (i.e., f(x) = f(Px)) determines 
a Bore1 measurable function f - on B in such a way that integration of 
f- over (B, p,) reduces to integration off over PH with respect to 
Gauss measure p1 [2]. Where no confusion may result, it is customary 
to omit the tilde. Thus it is easily deduced from property (iv) above 
that for any Hermite cylinder function h, defined by (4) we have 
o,hI = e+ithI, 
and also /( hr jjLqp,) = 1. 
where 1 I 1 = f & (5) 
i=l 
PROPOSITION 2. There exists an orthonormal basis of L2(p,) consisting 
of Hermite cylinder functions. 
Proof. For any bounded continuous function f on B, if we let fi 
be the restriction off to H then it is a standard fact ([2], Cor. 3) that 
f is the L2-limit of the net of cylinder functions {f,oP} as P converges 
to the identity of H through the net of finite-dimensional projections 
on H. Thus it follows from property (i) that the Hermite cylinder 
functions span a dense subspace of L2(pI). In order to extract an 
orthonormal basis we simply take a fixed 0. N. basis {ei} for H and 
select the family of functions of the form h,(x) = ny=, h,(((x, ei)). If 
we further wish this basis of L,(p,) to consist of continuous functions 
on B, we may select as our (ei} vectors which are simultaneously in 
B*. (Here we use the standard identifications B* _C H* M H.) 
Conclusion of proof of Proposition 1. The assertion of Proposition 1 
follows directly from the calculation 
II 0th - hI ll~~~p,~ = 1 e-tut - 1 1 -+ 0 as t&O. 
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PROPOSITION 3. Let -N denote the injinitesimal generator of of 
acting on L2( pl). For each f E L2(p,) and t > 0 oJ belongs to the domain 
of N. In particular if 
f = T ah CL21 
then 
No,f = c Ia1 e-lrjt h, (L2)* (6) 
I 
Proof. Let 0 < 1 At 1 < t/2. By Taylor’s theorem there is an s 
with Jsj < IdtJ suchthat 
Il(W1(ot+dth~ - 0,) + I I I e-l’l% IILatp,) 
= I(flt)-l[e-llldt - 1 + 1 I ) (At)]1 * e-lrlt 
= 1 I I2 e-lrls e-lW(dt) 
< 1 I I2 e-111t/2(dt) 
-+Oasdt-+O, 
uniformly for all multiindices I. Proposition 3 follows. 
2. THE DEFINITION OF L 
One immediate problem that arises in defining L is making sense 
of “x * grad f (x)” for all (or a.e.) x in B. Since, when H is infinite- 
dimensional, H forms a set of p, measure zero we cannot interpret the * 
as the H inner product. One way of defining this term is to let grad f (x) 
be Of(x) where D is the H-differentiation operator, and to require that 
Of(x) E B* (CH). Th en we can define x * gradf (x) = (x, D)(x)) 
where ( , ) is the B - B* pairing. Af (x) is customarily defined as in 
[3] as trace D"f (x). It is easy to see that if h1 is a Hermite cylinder 
function based on a subspace of B* (i.e., h,(x) = h,(Px) with range 
[P] C B*) then Ah,(x) - (x, Dh,(x)) = --I I 1 h,(x) and since othl = 
e-lflth, it follows from Proposition 3 that h, E gN and Nh,(x) = 
--dh,(x) + lx, %(x)). 
Another formulation of L is defined by 
Lf (4 = df (4 - $$<f ((1 + 44 - f CWl7 
whenever each term in the right side exists. This L has been studied 
in [7], where it was shown that iff is bounded and uniformly Lip 1 on 
WW3-5 
276 M. ANN PIECH 
B then o&x) is in the domain of L. The principal drawback of the two 
preceding definitions of L is the requirement that Q(x) exist separately 
from the second term, i.e., that Daf(x) be of trace class, since the only 
known way of guaranteeing that D”oJ(x) be of trace class is to require 
that f be bounded and uniformly Lip 1 on B [3]. We will make use 
of an estimate due to Ramer [8] which enables us to define L entirely 
in an L2 setting. This definition does not require the existence of Af, 
and has the feature that for each f in L2, Lo,f(x) exists. 
DEFINITION. Let 1 * In-s denote the Hilbert-Schmidt norm of an 
operator on H. Assume that f E L2(p,), / Of (x)IH exists for a.e. x and 
is in L2(p,) and 1 D”f(x)[u-s exists for a.e. x and is in L2(p,). Let (ei) 
be an orthonormal basis of H consisting of elements of B*. Let P, 
be the orthogonal projection of H onto {e, ,..., e,}. P, has a unique 
continuous extension to all of B. We will show that 
{tr(p, ~“f(x)) - (x9 Pn ~f@))~ (7) 
is a Cauchy sequence in L2(pl). Lf will be defined as the limit of this 
sequence. 
PROPOSITION 4. Under the preceding hypotheses on f and on P, , 
the sequence (7) is Cauchy in L2(p,). The limit of (7) is independent of 
the choice of (e,]. 
LEMMA 5 [8]. If f is a C2 mapping of W to W with If (x)1 and 
I Of (x)IHeS in L2 of Gauss measure p1 on W, then we have 
Remark. The proof of this Lemma is a straightforward computa- 
tion involving double integrations by parts; hence the C2 hypothesis. 
DEFINITION. For f: IW~ -+ 021 with f E L2(pI) the formula for orf 
becomes 
otf(x> = (24 - e-2t))-~/2 Jmnf(.,q e-le-tr-yla/2(1-e-P’) dy. 
Iff : lwm -+ [wn then we define 
%f@> = (otfl(&.*l %f&))~ 
wheref(x) = (fi(x),..., fn(x)) with fi: [Wn --t PP. 
(9) 
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LEMMA 6. Iff : W + R1 with f E L2(pJ then orf (x) is analytic, with 
&, ogf(x) = (241 - t+))-n/z j$) ; e-le-f-y1*/2(l-e--2*) dJJ. (10) 
z 
Moreover if 1 Of (x)IHms exists a.e., and is in Lz(pI) then 
Do,f(x) = ect o,(Df)(x). 
Proof. We may extend otf to a function on C” by 
O&l Y-*-Y z,) = (2741 - e-2t))-nj2 
x jRef(y) exp [ - [ gl (e+ i- Yi)'] /W - 
(11) 
e+) 1 dy. 
It is straightforward to calculate that this extension is well defined. 
Assume temporarily that f has compact support. If we replace 1z - 1 
variables by constants the resulting function from C to @ satisfies the 
Cauchy-Riemann equations with all derivatives involved going onto 
the exponential term. Thus oJ: C” -+ Cffl is holomorphic. For general 
f in L2(p1) set fN E xlvlGNf. Then oIfN -+ oJ uniformly on compact 
subsets of C”. So for any f ALL, oJ(x) is real analytic and formula 
(10) follows. Formula (11) follows from (10) upon integration by parts. 
LEMMA 7. If f: IX!” -+ Rn with 1 f 1 EL~(& and ;f 1 Df(~)j~-~ 
exists for a.e. x and is in L2 (pI) then inequality (8) holds. 
Proof. Strong continuity of the semigroup o1 gives 
II I otf - f I Il&l) + 0 as tL0 
and from Lemma 6 we obtain 
Moreover oJ satisfies all the hypotheses of Lemma 5. 1 x 1 and 
1 otf(x)I are each in L2 (& and so 
tr(Do,f(x)) = eBf tr(o$lf(x)) is easily seen to converge in L2(pl) to 
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tr D)(x) since j * In-s and 1 * Itr are equivalent on linear mappings in 
R”. Now 
s Pr Wtf@) - * * otfb91” 4-44 R” 
As t L 0 the right side of (12) converges to 
Since the right side of (12) f orms a Cauchy net as t L 0 it is easily 
seen that the left side also forms a Cauchy net. The limit of this net 
must be 
s [tr WC4 - x *.f(x)l” 44x) w 
and so Lemma 7 follows. 
Proof of Proposition 4. Let n 2 m. In the Cartesian product 
decomposition B = P,B x (I - P,JB Wiener measure decomposes 
into a product measure p, = pl” x pin where p112 is Gauss measure 
on P,B and pin is Wiener measure on (I - P,)B [3]. Fubini’s 
Theorem now yields 
I P,,P, = 
s 
B (tr[(Pn - Pm) PfC41 - 6, (pn - pm> Wb9>)2P~W 
(set x = x1 + x2 , x1 E P,B, x2 E (I - P,)B) 
=Ju-Ph?L3 
(trlP~lPn - Pm) WC3 + x2)1 
n n 
< s B [l(P, - Pm) W(x)li + vn - Pm) PfwI-sl PIW 
Since the last integrand is dominated by 1 Of (x)1; + I D2f(~)/i-~, 
we see that Ip,,p m + 0 as n, m -+ co by Dominated Convergence. 
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A repeat of the preceding calculation with projections P,‘, PL where 
P,’ -+ I and Pk -+ I are sequences corresponding to different choices 
of bases gives 
1, -< P” .P, 1 s B Wrz’ - Gt) w4l~ + IPn’ - ea m4lLsl P&w~ 
The integrand converges pointwise to zero as n, m -+ 00 and so 
Dominated Convergence gives Ipm,,p; + 0. Hence the limit of the 
sequence (7) is independent of the choice of basis (ei}. 
Remark. It is obvious from Formula (7) that if D”f(x) is of trace 
class and if Df(x) E B* then Lf = Of(x) - (x, Df(x)). 
3. SMOOTHNESS OF off 
When B is finite dimensional, B = H = W, we have seen in 
Lemma 6 that o&x) is analytic. But when B is infinite dimensional, 
o&x) need not even be B-continuous. In general Jf(y) ol(x, @) is 
only finite for a.e., x in B. Even when f is bounded, so that 
J-f(Y) Otk dY) is well defined for all x, continuity may fail. For by 
Proposition 2 of [3], given an x0 E B and s > 0, there exists a closed set 
A such that ps(x, A) is discontinuous in the B topology as a function 
of x at x = x,, . Letting s = 1 - e-2t and f = xa , oJ(x) is discon- 
tinuous at etx, . However, when f is bounded, it is known that oJ(x) 
is infinitely H-differentiable at each x in B [3, Prop. 91. Moreover 
020tf(x) is known to be Hilbert-Schmidt. t-smoothness of off(x) 
also presents a problem. Proposition 3 [3] asserts that for any given x, 
in B and t,, > 0, there is a closed set A such that p,(x, , A) is a 
discontinuous function of t at t, . Thus even when f is bounded, 
otf(x) need not be t-continuous for all x in B. It is known [3, Theor. 31 
that iff is bounded and uniformly Lip 1 on B, then oJ(x) is differen- 
tiable as a function of t for all x in B. 
In this section we wish to show that for a.e. x in B, oJ(x) has 
H-derivatives of the first and second order, with the second 
H-derivatives of Hilbert-Schmidt class. Then if we also show that 
1 Do,f(x)lH and 1 D20tf(x)jH-s are in L2(pl) it will follow that oJ 
is in the domain of L. 
We begin by defining our candidates for the H-derivatives of 
oJ (x), and we will show that these “derivative operators” composed 
with ot are bounded on L2(pl) in an appropriate sense. Let us choose 
a specific basis of L2(pl) of continuous Hermite cylinder functions 
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h, on B determined by a specific orthonormal basis of H consisting of 
vectors in B*. If I = (Ii ,..., 1%) and xi = (x, et) then relative to the 
basis (eJ we calculate 
(Do&,(x)), = e-wz;,(xi) fi h&J 
k=l 
k#i 
= e-lrlt(Ii)1/2 l~~~-~(x~) fi Iz,~(x~). 
k=l 
k#i 
Thus for all I, 
II I ~0,&4l, II&),) = c21’lt 1 I 1 < (2te)-l/2. (13) 
On this basis of L2(p,), (Dot(*), h) is given by the kernel 
(DothI( h) = -[et(l - e-2t)]-1 S, hl(y)(e% - ~7, h)- ot(x, dr) 
for all h in H. Thus our candidate for (Doff(x), h) is 
-[et(l - eczt)]-’ JBf(y)(e-tJC - y, h)- ot(x, dy). 
Relative to the basis {ei> we also calculate 
(14) 
(D2%hI(X))~j = e-‘r’t(1i1j)1’2 hd-dxd h~j-l(xd fi h&k) 
k=l 
k&d 
(D20thI(x)),, = e+lt[Ii(Ii - I)]“” h+2(xi) fi AI,@,), 
k=l 
k#i 
so we obtain 
II I ~“o,q4lH-s ll;qp,) = .~+~‘~~(1 I I2 - 1 I I) < (2t2 et)--l. (15) 
On the basis {h,) (D20t( *)h, k) is given by the kernel 
(D20thI(x) h, h) = (e2t - 1)--l J, h,(y) 
X ((1 - e-2t)-1(e-tx - y, h)m(e-tx - y, I-z)- - (h, k)} d(x,dy) 
(16) 
for h and k in H. Thus our candidate for (D20J(x)h, K) is obtained by 
replacing hI by f in formula (16). 
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Formulas (14) and (16) d e fi ne bounded operators on L2(p,). This 
is a consequence of the following calculations. 
s, I@-“x - y, h)- I2 %(X9 dY> = j, KY, w I2 MY) = Cl2 
where C, is a constant independent of x in B. Thus for fixed h in Hand 
f in L2(p,) we have 
Is,Pl(4 [J-Bf(rwx - Y9 w %(X9 dY)]211’2 
G Cl iJ‘Pl(W J I f(Y)l” OtG? dY)y. 
Since o1 is a contraction on L1( pi) the right side of (17) is 
< Cl Ilf” II&, = Cl llfllp2(p,) . 
(17) 
A similar calculation shows that (16) defines a bounded operator on 
L2(pr). Formulas (13) and (15) now imply that our derivative can- 
didates will satisfy 
1 &f IH and I D20tf 111-s ELM. 
We next must show that for a.e. x in B, 
1 otf (x + h) - otf (4 t- [eV - e-2t)1-1 J,f (3Wtx - 35 W ot(x, 49 j 
(18) 
is defined for all h of sufficiently small norm, and moreover is o(i h I) 
as h + 0. It is not immediately obvious that there is any x for which 
(18) is defined for all small h. Let us first consider the term of (x + h). 
We claim that for a.e. x otf is h-continuous at x, i.e., that the map 
h + otf (3 + h) is continuous from H to RI. To see this we define the 
stochastic process (th: h E H} over (B, p,) by &(x) = otf (x + h). 
A lemma due to Kolmogorov [9,4] asserts that this process has locally 
uniformly continuous sample paths if for some 01 > 0 and /3 > 1 we 
have E[l th - fk I@] < constant . / h - k 10. 
LEMMA 8. For h and k in a neighborhood of the origin of H and 
f EL2(Pl) 
II otf (x + 4 - ef (x + Wc~p,, < constant . I h - k I (19) 
and hence for a.e. x, otf is uniformly H-continuous in a neighborhood of x. 
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Proof. It suffices to prove (19) for (hl} with the constant being 
independent of 1. For a one-dimensional Hermite polynomial h, we 
may assume h = k + Ak. Then olhi = ecithi and we calculate 
+ (i(i - 1))“” * 11 h,-2(x + K)&* . * + *** (20) 
Now 
II hi@ + k>ll$ = Ij hi(x) + h,‘(x)(k) + ..- 4 J?‘(x) y 11 
L2 
= II hi I122 + i II hipI ll$ I k I2 + *a* + i! II h-i IlEa -$& 
i(i - 1) = 1 +iIk12+ (21)2 [ k 14 + . . . + &Ikl2" 
d (1 + I k I”>i* (21) 
Thus, letting K = (1 + ) k )2)1/2 
(20) < ii/2 1 dk 1 Ki-1 + (i(i - I))'/% P&f.-K"-" $ *I. + q 1 dk 1' 
< 6 Ii I dk I Ki-l + +; l) , dk 12 KS-2 + . . . + ) dk ,j 
<&(K+IAkI)“-KK”) 
< & i(K + I dk I)i-l I Ak I. 
so 
II o,hi(x + k + 4 - 4,(x + k)IILs 
,( iV((1 + 1 k 17112 + 1 dk p-1 e-it 1 dk I. 
Now $/Qzs-~ e-St = (l/a) #(,/et)” < constant for all 1 < a < et and 
for all s 2 0. Thus 
II o&,(x + k + d4 - o&,(x + k)llLa < constant 1 Ak I (22) 
for all i provided (1 + 1 k 12)1/2 + I Ak I < et. 
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Using (21) and (22) it is straightforward to verify that (19) holds 
for a general hl . 
LEMMA 9. For a.e. x, the map 
h - Bf(y)(e-tx - Y, W O&G 49 s 
is continuous from H -+ RI. 
Proof. 
/ /Bfb9Wx - y, W - (e+x - y, 4-l ok6 dr) / 
< s B If( * I(e+x - y,h - A)- I ot(x, dy) 
< Is, If(Y %(X2 dY)jli2 Is, KY, h - w I .t(dY)11’2 
= (1 - e-2y2 I h - k IH Is, If(Y 04% dy)11’2 
and since f 2 E L1( p,) the last integral is finite for a.e. x. 
LEMMA 10. Dejne Th,f(x) by formula (18). Then 11 Th,r Jill = 
o( 1 h I) as h -+ 0. 
Proof. Since each of the three terms in Th,r defines a bounded 
operator on L2( pl), it suffices to prove that Lemma 10 holds uniformly 
for the basis functions hI . The one-dimensional verification of 
Lemma 10 is a simple modification of the calculations of Lemma 8. 
It is then straightforward to generalize to arbitrary hI because 
Thsh,(x) = e-lrlt 1 h,(x + h) - h,(x) - Dh,(x)h I, 
so that when I is multidimensional the product form (4) of hI enables 
us to break the calculation into a sum, and the factor e-l’if readily 
allows us to assert independence of 1 I I provided we have one- 
dimensional independence. 
PROPOSITION 11. For a.e. x in B and for t > 0, oJ is twice 
H-d+rentiable at x, with derivatives given by formulas (14) and (16). 
Moreover I Do,f (x)jH and jl D20J (x)JIHpS are inL2(pl). 
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Proof. By Lemmas 8, 9, and 10, Th,Jx) = o(l h I) for a.e. x. From 
formula (13), 1 Do,f(x)lH ELM. Calculations similar to those of 
Lemmas 9 and 10 give second H-differentiability a.e., and formula (15) 
implies that 11 D20tf(x)/jH-s EL~(~J. 
4. THE INFINITESIMAL GENERATOR 
Proposition 11 tells us that otf is in the domain of L. We may now 
observe that it is a consequence of Lemma 7, the definition of L and 
formulas (13) and (15) that f --t Lo,f is bounded on L2( pl). Since the 
infinitesimal generator -N of ot acts as L on the basis h, , we have 
the following. 
COROLLARY 12. For f in L2(p,) and t > 0, oJ is in the domain of 
the injinitesimalgenerator -N of ot and -Nof = Lo,f. 
PROPOSITION 13. Any f in the domain of L is also in the domain of N, 
and - Nf = Lf. 
Proof. By expanding in Hermite series, we see that 
II I Dotf - Df IH llLs -+ 0 and II I D20tf - W IH-s llLs -+ 0 
as t L 0. It then follows from the definition of L and from Lemma 7 
that Lo,f + Lf in L2 as t L 0. Thus otf --+f, otf E 9,,, , -No,f = 
Lo,f + Lf and since N is a closed operator Proposition 13 follows. 
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